B nanHOM cllydyae MpMMEHUTEIBLHO K pa3-
paboTKe aJropuTMa ONTUMU3ALMU paccMa-
TPUBAETCA 3ajaya IMOMCKa YIOPSAAOYEHHOTIO
MHO2KECTBA ITOJHBIX HYTeﬁ
(Q0,92,9,,...9, },

L(Q)<L(9,), ©)

CucreMa OTHOILIEHU MEXIYy MyTSIMU
CTPOWTCST OTHOCUTENLHO TIOJTHOTO TIyTH €2,

ie[0,k-1].

C MUHUMAJIbHOW JJIMHOU, KOTOPBI MOXET

OBbITh JIETKO HaAeH OJHUM M3 M3BECTHBIX

aJiropuT™MOB. Takasi cucTemMa ONMChIBAeTCS

rpad-nepeBom G= (R, V), V= RxR, numero-

MM MHOTOYPOBHEBYIO MEpapXUUyEeCKYIO

cTpyKTYypy R, =UROZ, rie Ro — nmoaHoe
z

MHOKECTBO MPOU3BOISIINX KOHTYPOB MyTU
Q,,a R, — MOOIMHOXeCTBO Z-TO YPOBHsI

(puc. 3). Yepes oTHolLIeHUE V BJIEMEHTHI JIIO-
00ro z-ro ypoBHSI OINPEACSIOT JIeMEHThI
nocnenytoiero (z+1) ypoBHsI.

MHoxecTBO R 271EMEHTOB CTPYKTYPBI
camoro BepxHero (0-ro) ypoBHSI TTOJTHOCTBIO
COCTOMUT M3 2JIEMEHTAPHBIX KOHTYPOB, 0a3u-
PYIOILIMXCS 10 BEPLIMHAM ITyTH €2 , 32 UCKITIO-

yeHueM X' .

OrtHotreHue V, CBSA3bIBAIOIIEE TTPOU3BO-
NSIIE KOHTYPHI (MOCKOJBKY O BEPLINHE
ceueHust b Ga3UpyeTcss MHOXKECTBO MPOU3BOJIS-
IIUX KOHTYPOB r;]bz’ Z-TO YPOBHSI, TO WUHIEKC i

CIIYXKUT IJIA I/II(CHTI/I(DI/IKBJ_U/II/I OTUX DJICMCHTOB

bi bj
BO MHOXECTBE) 7y ¥ /() , XapaKTepHO CJie-

NYIOIIMMU ITpeoOpa3oBaHUSIMU (puc. 4):
#(Q)=4(Q) +r.,

be
To(zy

(10)

_ bi e
=r.+rf, e<b,

o o b
TO €CTb HOBbIN IMPOU3BOIALINN KOHTYD ’b(ez +1)

b
TMOJIY4aeTCsl U3 TMPOU3BO/ISIIETO KOHTYpa /.

MPEIbIAYILETO YPOBHS, OTIPEICIISIONIETO HOBBIM
myTh €2, 3a cueT moOaBIeHMsI K HEMY DJIeMeH-

TapHOTO KOHTYpa 7 , 6a3UpyIOLLErocs 0 3TO-
My IyTH €2, B BEpILMHE CEUEHUST, PACTTOIOXKEH-

HOI1 JieBee BEepILIMHBI CeYeHUsI MPEAbIAYIIEero
YPOBHSI (3TO YCJIOBUE CBSI3aHO C OpUEHTalMel
Ha BepIMHY BX0/a X' TIPY ITOCTPOSHUM 3JIeMEH -
TapHBIX KOHTYPOB — CM. ompeaeneHue 5). 3a-
METHM, YTO 00a KOHTYpa — 3TO ITPOU3BOISILINE
bi _ be
KOHTYpHI IyTu £, TO eCcTh Tz o) €R,.

C pyroii croponbi — 1y € Ry, 1y € Ry,

Ha ypoBHe MmHOXecTB ucxons us (10) or-
HollleHWe V MOXHO MPEJICTaBUTh C YIYETOM
bi
TOTO, YTO MHOXKECTBO R, = UU’bz poun3-
b i
BOJISIIIIMX KOHTYPOB Z-TO YPOBHS ONpeaessieT
MHOKECTBO MPOU3BOASALIMX KOHTYpOB (z+1)

ypoBHst Ry, = L])JUU(’E)]Z + rse)

OnucaHHOEe CTPYKTYpPUPOBaHME OTHO-
IMEeHU MeXAy MyTSIMH ceTeBoro rpada
MO3BOJISIET MOJIYIUTh 3(DDEKTUBHBIIN aaro-
putMm Tunna AMACONT [5], peanusytomuii
MOUCK TIOJHBIX IyTeli, OTBEYAIOIIUX YCI0-
Buto (9). DTOT ajJropuT™M MpeaHa3HayeH
peaau3oBaTh HOBBI METOI CTPYKTYPHOM
OINTUMMU3AIIUN.
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ABSTRACT

A distinctive feature of the structuring of the
network mathematical models is the use of available
spectrum of weighting values of anti-symmetric
connected graphs’ nodes. Reflected mathematical
objects make it possible to build an ordered structure
of relations between full paths of network graph,
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which is described with an oriented graph- tree. And
it provides, in turn, the ability to effectively solve the
numerical problems on the models. Represented
structuring process helps to get efficient search
algorithm for full paths. This kind of algorithm
contributes to the realization of a new method of a
structural optimization.



ENGLISH SUMMARY

Background. A wide range of problems of
structural optimization of technical solutions is based
on the use of network digraphs G=(X, U) (U c X x X

) as mathematical models, to each vertex of which
x, € X is assigned one or more numbers {£(x)},

representing the optimization criteria.

Objective. In orderto create a system of software
for system structural optimization of integrated
automatic control systems, it is necessary to meet
the challenge of structuring appropriate mathematical
models.

Methods. There are different methods of building
structures in the ordering of graphs’ nodes [1-4]. A
distinctive feature of this structuring is the fact that it is
built using the available spectrum of weighting values
ofnodes. In this respect, much attention is paid to anti-
symmetric connected graphs (Pic. 1) with an attitude
of strict order on the basis of the feature «there is a path
from x; to x; », divided into layers so that:

« all elements of this layer do not have ancestors
in the next layer;

« in the first and last layers there is one element
(nodes of input x' and output x" of the network);

- element of the last layer has no descendants;

* nodes of one layer are not connected together
by arcs.

Results. Basic concepts. A free group P(U) over
a generating set U of all arcs of the graph G = (X, U)
is constructed as follows. As elements of P (U) is
considered the set of formal linear combinations of
elements of U with integral coefficients of the form

p=S(nn) pePWU) weUs =021,
i=l

where n — the number of graph’s arcs.
As the binary additive operation the set P (U) is
defined with the formula
Z(?’i 'ui)"'Z(}’;'ui)ZZ(}’i +7;)'ui .
i=l i=l i=l
Similarly, we construct a group H (X) over the
set X of all graph’s nodes by defining its elements as

hj:i(%"xf)’ heH(X), xeX; 7=0zl,

where m — the number of nodes (hereinafter when
writing the elements of groups P (U) and H (X) we will
omit their constituents with zero coefficients).
Definition 1. Differential d of group P (U) is a
homomorphism d: P (U) -> H (X), which is defined
as follows:
1)if u, =(x,.,x,.), then du, =x,-x, ;

2) if p,=Y.7-u , then dp,=Y y,-du, with
pqu(U); uel; x,x eX.

Definition 2. Element reP(U)is p-contour

(hereinafter — just contour, in the class of graphs
under review there are no contours in the usual sense
[2,4], which eliminates the confusion of these two
concepts) ifdr=0. R=Kerd < P(U)-isa subgroup
of p-contours.
Lemma 1. Sum of several contours is a contour.
Proof. Firstly, the sum z r, isan element of group

P (U) as a result of additive composition of its
elements. Secondly, distributivity of imagery d,
according to Definition 1, allows writing
dY r,=3dr=0.Lemmais proved.

Using the generally accepted concept of path on
a graph as a connected finite sequence of related
arcs, this path is defined with formula ( 1).

In this respect, if u=(x,,x,), then x, =u",x,=u" .

Length L(Q) of path (1) will be defined in terms of

mentioned numerical weighting estimates of nodes
£(x) with the expression (2).

If the path connects the node of input x" with
the node of output x" of network, such a path is
called full.

The imagery is defined with formula (3) and its
inverse as follows:

0},

¢(Z]7,u,) = {‘71‘141,‘}/2‘142’_“’

Definition 3. The image of path Q < U ona graph
G =(X, U) isimagery.

Lemma 2. Differential of image of any full path
on the network graph is defined as.

Proof. Since the full path Q on graphs under
review is a simple path, without many-fold arcs, its
image in the light of (1) can be written as
$(Q)=u +u,+...+u,.

Vn

In accordance with the definition 1, we obtain
d¢(§2) =du +du, +...+du, ,

or d¢(Q)=(uf—ul‘)+(u;—u;)+...+(u;—u;),

or formula (4).
Incidence of arcs assumes u; =u_,i € [L w— 1] .

Consequently, the expression (4) will be written as
dg(Q)=u, —u; or dp(Q)=x"-x".

Lemma 3. Difference of images of two full paths
on the network graph is a contour.

Proof. The difference of images of full paths
#(Q) and 4(Q,), as the result of an additive

function of composing two elements of group P(U),
also belongs to this group. On the other hand, the
differential of the obtained difference will be defined
as df¢(9i)—¢(9,)f= d$(©,)~dp(€,). However, due

to the assertion of Lemma 2. d¢(Q,.):d¢(Qj)
Consequently, d[¢(Q,-)—¢(Q, )J =0 thatproves the

assertion of lemma.
Imagery is defined with expression (5).
Definition 4. Value of contour r is value a(r).

Lemma 4. Difference between the lengths of
two full paths on the network graph is equal to
the value of contour, formed by the difference in
their images.

Proof. Let us assume that Q, ={u,,u,,,...,u,,} and

Q, ={M,-1,u,2,-~.,u/x} are any two full paths of the

graph. Then their lengths in accordancewwith (2)
can be written as L(Q)=&(x)+> &(u;),
=1

L(Qj):g(x')+ig(u;) and the difference of the
=1

lengths — as expression (6).

On the other hand, according to Lemma 3, the
contour defined by the images of these full paths,
will be written with regard to the expression (3) in
the form
r=¢(Q,.)—¢(Qj)=u,.l Flly ety — U — U — =l
and the value of this contour with regard to (5) as
expression (7).
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Comparing the expressions (6) and (7), we
obtain the assertion of the lemma.

Definition 5. Elementary contour ré® in relation to
graph’sarc u=(a,b)eU isits sum with the difference

between the images of the shortest paths (the
shortest path is a path, having a minimum value of the
length (2)), connecting nodes x' and a, as well as the
nodes x' and b (Pic. 2).

Definition 6. Arc u; is an incident one of the path

Q, atthe node x, ifthe following conditions are met:
1) 4 €Q;

2) 3u;€Q,, u =u;=x,. Node x_is called the

node of the , path’s section (Pic. 2).

Definition 7. Elementary contour in relation to arc,
incident to the path €, atthe top of path’s section is

called based on the path Q, and is denoted as r,"’

(Pic. 2) (since at b as a top may base several
elementary contours, the index j is used to identify
them and, if necessary, can be omitted).

Basing on Lemmas 3 and 4 ratio (8) are written,
which bind certain full path €, to any other.

Contour robﬁ is called a generating contour of the
path Q, (meaning of index z and i will be revealed

below).

Obviously, the set of generating contours of any
full path of the network graph is a subset of the set R
of all paths, and the number of elements is equal to
the total number of full paths, reduced by one.

Structuring method. Previously introduced
mathematical objects allow building an ordered
structure of relations between full paths of the
network graph, described by oriented graph-tree.
This helps to effectively solve numerical problems
on these models. And the kind of relationship is
determined by optimization problem to be solved.

In this case, with regard to the development of
an optimization algorithm the problem of the search
for an ordered set of complete paths is considered.
See (9).

System of relations between paths is built in
relation to the full path €, , having a minimum length,

which can be easily found by one of the known
algorithms. Such a system is described by a graph-

tree G = (R, V), V = RxR, having a multi-level
hierarchical structure R,=|JR,., where Ro -
complete set of generating contours of the path Q, ,
and R, is a subset of z- level (Pic. 3). Through the

ratio V elements of any z-level define the elements of
further (z +1) level.

R,, set of the structural elements of the upper (0)
level consists entirely of elementary contours, based
at the nodes of the path €, , except for x'.

Ratio V, connecting generating contours
(because at the top of section b robz’ set of generating

contours of z- level is based, the index i is used to

identify these elements in the set) 1y, and ry..,, and

is characterized by the following transformations
(10). See Pic. 4. ,

So, anew generating contour 1., is obtained

from the generating contour rz)'f of preceding
level, defining a new path Q, by adding to it an
elementary contour r{ , based on this path at the

top of the section, which is located to the left of
the section’s top of the preceding level (this
condition is related to the orientation to the node
of input x' in the construction of elementary
contours — see definition 5). Note that both
contours are generating contours of the path €,

, Q. e. RLnt,€R . On the other hand -
rObzieROz’ ’E)b(iﬂ)ERO(u])'

At the sets’ level on the basis of (10), the ratio V

can be represented as follows. R, = ro"z' - set of
b i

contours of z-level defines

generatin 5
o+ rj) - setof generating circuits of

R()(z+l) = LZJU

(z+1) level.

Conclusion. Described structuring of relations
between paths of the network graph allows
obtaining an efficient algorithm of AMACONT
type [5], implementing the search for full paths
corresponding to the condition (9). This algorithm
is designed to implement a new method for
structural optimization.

e

Key words: ACS, network model, structuring, graph, digraph, graph-tree, contour, group, optimization,

mathematical model, algorithm, differential.
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