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В данном случае применительно к раз-
работке алгоритма оптимизации рассма-
тривается задача поиска упорядоченного 
множества полных путей
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Система отношений между путями 
строится относительно полного пути 0Ω  

с минимальной длиной, который может 
быть легко найден одним из  известных 
алгоритмов. Такая система описывается 
граф-деревом G= (R, V), V = RxR, имею-
щим многоуровневую иерархическую 
структуру 0 0z

z

R R=


, где Ro  – полное 

множество производящих контуров пути 

0Ω , a 0zR   – подмножество z-гo уровня 

(рис. 3). Через отношение V элементы лю-
бого z-гo уровня определяют элементы 
последующего (z+1) уровня.

Множество R
00

 элементов структуры 
самого верхнего (0-го) уровня полностью 
состоит из элементарных контуров, бази-
рующихся по вершинам пути 0Ω , за исклю-

чением x′ .

Отношение V, связывающее произво-
дящие контуры (поскольку по  вершине 
сечения b базируется множество производя-
щих контуров 0

bi
zr  z-гo уровня, то  индекс i 

служит для идентификации этих элементов 
во множестве) 0

bi
zr  и  ( )0 1

bj
zr + , характерно сле-

дующими преобразованиями (рис. 4):
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то есть новый производящий контур ( )0 1
be

zr +  

получается из производящего контура 0
bi
zr  

предыдущего уровня, определяющего новый 
путь sΩ  за счет добавления к нему элемен-

тарного контура e
sr , базирующегося по это-

му пути sΩ  в вершине сечения, расположен-

ной левее вершины сечения предыдущего 
уровня (это условие связано с ориентацией 
на вершину входа х' при построении элемен-
тарных контуров – см. определение 5). За-
метим, что оба контура – это производящие 
контуры пути 0Ω , то  есть ( )0 00 1,bi be

z zr r R+ ∈ . 

С другой стороны – ( ) ( )0 0 0 1 0 1,bi be
z z z zr R r R+ +∈ ∈ .

На уровне множеств исходя из (10) от-
ношение V можно представить с учетом 
того, что множество 0 0

bi
z z

b i

R r=


 произ-

водящих контуров z-гo уровня определяет 
множество производящих контуров (z+1) 
уровня ( ) ( )00 1

bi e
z sz

b i e

R r r+ = +


.

Описанное структурирование отно-
шений между путями сетевого графа 
позволяет получить эффективный алго-
ритм типа AMACONT [5], реализующий 
поиск полных путей, отвечающих усло-
вию (9). Этот алгоритм предназначен 
реализовать новый метод структурной 
оптимизации.
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ABSTRACT
A distinctive feature of the structuring of the 

network mathematical models is the use of available 
spectrum of weighting values of anti-symmetric 
connected graphs’ nodes. Reflected mathematical 
objects make it possible to build an ordered structure 
of relations between full paths of network graph, 

which is described with an oriented graph- tree. And 
it provides, in turn, the ability to effectively solve the 
numerical problems on the models. Represented 
structuring process helps to get efficient search 
algorithm for full paths. This kind of algorithm 
contributes to the realization of a new method of a 
structural optimization.
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ENGLISH SUMMARY
Background. A wide range of problems of 

structural optimization of technical solutions is based 
on the use of network digraphs G= (X, U) (U X X⊂ ×
) as mathematical models, to each vertex of which 

ix X∈ is assigned one or more numbers ( ){ }ixε , 

representing the optimization criteria.
Objective. In order to create a system of software 

for system structural optimization of integrated 
automatic control systems, it is necessary to meet 
the challenge of structuring appropriate mathematical 
models.

Methods. There are different methods of building 
structures in the ordering of graphs’ nodes [1–4]. A 
distinctive feature of this structuring is the fact that it is 
built using the available spectrum of weighting values 
of nodes. In this respect, much attention is paid to anti-
symmetric connected graphs (Pic. 1) with an attitude 
of strict order on the basis of the feature «there is a path 
from ix  to jx », divided into layers so that:

• all elements of this layer do not have ancestors 
in the next layer;

• in the first and last layers there is one element 
(nodes of input х' and output х" of the network);

• element of the last layer has no descendants;
• nodes of one layer are not connected together 

by arcs.
Results. Basic concepts. A free group P (U) over 

a generating set U of all arcs of the graph G = (X, U) 
is constructed as follows. As elements of P (U) is 
considered the set of formal linear combinations of 
elements of U with integral coefficients of the form

( ) ( )
1

, ; ; 0, 1
n

j i i j i i
i

p u p P U u Uγ γ
=

= ⋅ ∈ ∈ = ±∑ , 

where n – the number of graph’s arcs.
As the binary additive operation the set P (U) is 

defined with the formula

 ( ) ( ) ( )
1 1 1

n n n

i i i i i i i
i i i

u u uγ γ γ γ
= = =

′ ′⋅ + ⋅ = + ⋅∑ ∑ ∑ .

Similarly, we construct a group H (X) over the 
set X of all graph`s nodes by defining its elements as

( ) ( )
1

, ; ; 0, 1
m

j i i j i i
i

h x h H X x Xγ γ
=

= ⋅ ∈ ∈ = ±∑ , 

where m – the number of nodes (hereinafter when 
writing the elements of groups P (U) and H (X) we will 
omit their constituents with zero coefficients).

Definition 1. Differential d of group P (U) is a 
homomorphism d: P (U) -> H (X), which is defined 
as follows:

1) if ( ),t i ju x x= , then t j idu x x= − ;

2) if  q t tp uγ= ⋅∑ ,  then ,q t tdp duγ= ⋅∑  with 

( ); ; , .q t i jp P U u U x x X∈ ∈ ∈

Definition 2. Element ( )r P U∈ is p-contour 

(hereinafter  – just contour, in the class of graphs 
under review there are no contours in the usual sense 
[2,4], which eliminates the confusion of these two 
concepts) if dr = 0. R = Ker d ⊂  P (U) – is a subgroup 
of p-contours.

Lemma 1. Sum of several contours is a contour.
Proof. Firstly, the sum ir∑  is an element of group 

P (U) as a result of additive composition of its 
elements. Secondly, distributivity of imagery d, 
a c c o r d i n g  t o  D e f i n i t i o n  1 ,  a l l o w s  w r i t i n g

0i id r dr= =∑ ∑ . Lemma is proved.

Using the generally accepted concept of path on 
a graph as a connected finite sequence of related 
arcs, this path is defined with formula (1).

In this respect, if ( )1 2,u x x= , then 1 2,x u x u− += = . 

Length ( )L Ω  of path (1) will be defined in terms of 

mentioned numerical weighting estimates of nodes 
( )xε  with the expression (2).

If the path connects the node of input x' with 
the node of output x'' of network, such a path is 
called full.

The imagery is defined with formula (3) and its 
inverse as follows:

{ }1 1 2 2
1

, ,...,
n

i i n n
i

u u u uφ γ γ γ γ
=

 
= 

 
∑ .

Definition 3. The image of path UΩ ⊂ on a graph 

G = (X, U) is imagery.
Lemma 2. Differential of image of any full path 

on the network graph is defined as.
Proof. Since the full path Ω on graphs under 

review is a simple path, without many-fold arcs, its 
image in the light of (1) can be written as 

( ) 1 2 ... wu u uφ Ω = + + + .

In accordance with the definition 1, we obtain 
( ) 1 2 ... wd du du duφ Ω = + + + ,

or ( ) ( ) ( ) ( )1 1 2 2 ... w wd u u u u u uφ + − + − + −Ω = − + − + + − , 

or formula (4).
Incidence of arcs assumes [ ]1, 1, 1i iu u i w+ −

== ∈ − . 

Consequently, the expression (4) will be written as 
( ) 1wd u uφ + −Ω = −  or ( )d x xφ ′′ ′Ω = − .

Lemma 3. Difference of images of two full paths 
on the network graph is a contour.

Proof. The difference of images of full paths 
( )iφ Ω and ( )jφ Ω , as the result of an additive 

function of composing two elements of group P (U), 
also belongs to this group. On the other hand, the 
differential of the obtained difference will be defined 
as ( ) ( ) ( ) ( )i j i jd d dφ φ φ φ Ω − Ω = Ω − Ω  . However, due 

to the assertion of Lemma 2. ( ) ( )i jd dφ φΩ = Ω  

Consequently, ( ) ( ) 0i jd φ φ Ω − Ω =   that proves the 

assertion of lemma.
Imagery is defined with expression (5).
Definition 4. Value of contour r is value ( )ra .

Lemma 4. Difference between the lengths of 
two full paths on the network graph is equal to 
the value of contour, formed by the difference in 
their images.

Proof. Let us assume that { }1 2, ,...,i i i iwu u uΩ = and 

{ }1 2, ,...,j j j jsu u uΩ =  are any two full paths of the 

graph. Then their lengths in accordance with (2) 
c a n  b e  w r i t t e n  a s  ( ) ( ) ( )

1

w

i it
t

L x uε ε +

=

′Ω = + ∑ , 

( ) ( ) ( )
1

s

j jt
t

L x uε ε +

=

′Ω = + ∑ and the difference of the 

lengths – as expression (6).
On the other hand, according to Lemma 3, the 

contour defined by the images of these full paths, 
will be written with regard to the expression (3) in 
the form

( ) ( ) 1 2 1 2... ...i j i i iw j j jsr u u u u u uφ φ= Ω − Ω = + + + − − − − , 

and the value of this contour with regard to (5) as 
expression (7).
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Comparing the expressions (6) and (7), we 
obtain the assertion of the lemma.

Definition 5. Elementary contour rab in relation to 
graph’s arc ( ),u a b U= ∈  is its sum with the difference 

between the images of the shortest paths (the 
shortest path is a path, having a minimum value of the 
length (2)), connecting nodes х' and а, as well as the 
nodes х' and b (Pic. 2).

Definition 6. Arc iu  is an incident one of the path 

0Ω  at the node x
s
, if the following conditions are met:

1) 0iu ∉Ω ;

2) 0,j i j su u u x+ +∃ ∈Ω = = . Node x
s
 is called the 

node of the 0Ω path`s section (Pic. 2).

Definition 7. Elementary contour in relation to arc, 
incident to the path tΩ  at the top of path`s section is 

called based on the path tΩ  and is denoted as bj
tr  

(Pic. 2) (since at b as a top may base several 
elementary contours, the index j is used to identify 
them and, if necessary, can be omitted).

Basing on Lemmas 3 and 4 ratio (8) are written, 
which bind certain full path 0Ω  to any other.

Contour 0
bj
zr  is called a generating contour of the 

path 0Ω  (meaning of index z and i will be revealed 

below).
Obviously, the set of generating contours of any 

full path of the network graph is a subset of the set R 
of all paths, and the number of elements is equal to 
the total number of full paths, reduced by one.

Structuring method. Previously introduced 
mathematical objects allow building an ordered 
structure of relations between full paths of the 
network graph, described by oriented graph-tree. 
This helps to effectively solve numerical problems 
on these models. And the kind of relationship is 
determined by optimization problem to be solved.

In this case, with regard to the development of 
an optimization algorithm the problem of the search 
for an ordered set of complete paths is considered. 
See (9).

System of relations between paths is built in 
relation to the full path 0Ω , having a minimum length, 

which can be easily found by one of the known 
algorithms. Such a system is described by a graph-

tree G = (R, V), V = RxR, having a multi-level 
hierarchical structure 0 0z

z

R R=


, where Ro  – 

complete set of generating contours of the path 0Ω , 

and 0zR  is a subset of z- level (Pic. 3). Through the 

ratio V elements of any z-level define the elements of 
further (z +1) level.

R
00

 set of the structural elements of the upper (0) 
level consists entirely of elementary contours, based 
at the nodes of the path 0Ω , except for x′ .

Ratio V, connecting generating contours 
(because at the top of section b 0

bi
zr set of generating 

contours of z- level is based, the index i is used to 
identify these elements in the set) 0

bi
zr  and ( )0 1

bj
zr + , and 

is characterized by the following transformations 
(10). See Pic. 4.

So, a new generating contour ( )0 1
be

zr +  is obtained 

from the generating contour 0
bi
zr  of preceding 

level, defining a new path sΩ  by adding to it an 

elementary contour e
sr , based on this path at the 

top of the section, which is located to the left of 
the section’s top of the preceding level (this 
condition is related to the orientation to the node 
of input х '  in the construction of elementary 
contours  – see definition 5). Note that both 
contours are generating contours of the path 0Ω

,  i .   e .  ( )0 00 1,bi be
z zr r R+ ∈ .  O n  t h e  o t h e r  h a n d   – 

( ) ( )0 0 0 1 0 1,bi be
z z z zr R r R+ +∈ ∈ .

At the sets’ level on the basis of (10), the ratio V 
can be represented as follows. 0 0

bi
z z

b i

R r=


 – set of 

g e n e r a t i n g  c o n t o u r s  o f  z - l e v e l  d e f i n e s 
( ) ( )00 1

bi e
z sz

b i e

R r r+ = +


 – set of generating circuits of 

(z +1) level.
Conclusion. Described structuring of relations 

between paths of the network graph al lows 
obtaining an efficient algorithm of AMACONT 
type [5], implementing the search for full paths 
corresponding to the condition (9). This algorithm 
is designed to implement a new method for 
structural optimization.
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