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ABSTRACT
The relevance of studying the methods of studying traffic flows 

is due to the need to analyse their features, determine the allowable 
areas of their application in solving practical problems of the 
transport sector.

The objective of the work is to identify the results of application 
of modern methods of time series analysis that use the values of 
intensities of car traffic flows on the urban street-and-road network. 
The subject of the study is associated with the calculated Hurst and 
fractal dimension indices (fractal analysis), as well as with checking 
the validity of the quantitative relationship of these indicators, 
specified by B. Mandelbrot and used in applied research, on real 
data on intensity of car traffic flows. Digital data for the study were 

obtained using «Azimuth» stationary measuring software and 
hardware photo and video recording complexes, located on the 
street-and-road network of the city.

The study has found that anomalous values of key indicators 
are encountered when using the normalised range method and 
fractal analysis: the Hurst exponent takes values outside the usually 
defined range, the relationship between the fractal dimension and 
the Hurst exponent does not fully correspond to the known 
B. Mandelbrot set. It seems necessary to conduct a deep and 
thorough study of the results obtained when using the above and, 
possibly, other methods for studying the intensity of traffic flows on 
street-and-road networks.
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INTRODUCTION

The intensity of the traffic flow as a time 
series (function of time), along with other 
random processes, belongs to a special class of 
elements of functional spaces which, unlike 
smooth (differentiable) functions, exhibit fractal 
properties, or self-similarity, that is, with 
repeated changes in the scale of variables, the 
structure of the function already recorded on 
previous scales is reproduced [1, P. 36]. To 
describe the special (fractal) properties of such 
functions, a specially defined concept of fractal, 
or fractional dimension of Hausdorff–
Besicovitch [2, P. 22] (of Minkowski [3, P. 129]) 
is used.

Fractal analysis is successfully used to study 
self-similar stochastic processes characteristic 
of network traffic and data on solar flares [4], 
to study and predict earthquakes [5]. Modelling 
[6] of the multimodal distribution of porosity 
of oil and gas fields made it possible to identify 
the relationship between the fractal index and 
the degree of oil saturation of the soil.

Analysis of fractal properties of time series 
modelling real stochastic processes is provided 
in the work [7]. Identification of time series 
based on fractal analysis considering chaos is 
proposed in [8]. Classification of stationary, 
non-stationary and quasi- periodic signals was 
developed by the author of [9]. The works [10; 
11] recommend using the critical value of fractal 
dimension as an indicator of the crisis state 
(catastrophe) of the system under consideration. 
According to [12], to assess the structure and 
influence of long-term memory of time series 
it is advisable to use the value of fractal 
dimension of functions describing phase 
transformations in the mechanical and physical 
systems under consideration.

Fractal dimension can be used to analyse 
quote trends and manage investment portfolios, 
to study and identify the dynamics of time series 
of financial activity indicators [13], to forecast 
the volatility of the oil products market [14] and 
to assess the significance of financial assets [15] 
based on the assumption [16] on the fractal 
nature of the market and the presence of history 
of market process (long-term or short-term 
memory).

The fractal approach [17] made it possible 
to optimise the shape of the bus body to reduce 
resistance to movement and reduce fuel 
consumption. Analysis [18; 19] of fractal 
indicators of the car traffic flow in the urban 

street-and-road network (SRN), of probability 
distribution and correlation characteristics of 
traffic showed that empirical data on traffic 
flows correspond to fractal indicators and are 
satisfactorily described with their help. The 
study [20] found that the number of motor 
vehicles on the roads is largely determined not 
by the Poisson (simplest) process, but by factors 
of a fractal nature. To classify traffic flows, 
following their self-similarity and irregularity, 
it is advisable to use the hypothesis of the 
«multifractal» nature of the spectrum of the car 
traffic flow [21].

Along with the analysis of the fractal 
dimension, the method of normalised range is 
actively used, which is based on the calculation 
of the Hurst index. The Hurst index [22] is used 
t o  a n a l y s e  t h e  d y n a m i c s  o f 
electroencephalographic signals of patients to 
construct an index of healthy and abnormal 
brain activity. Quantitative assessment [23] of 
the morphological properties of the surface 
structures of tooth enamel based on the fractal 
dimension is used along with the traditionally 
determined index of surface roughness. The 
analysis of intensity of the car traffic flow in 
SRN of a metropolis using modern mathematical 
methods (statistical, wavelet and Fourier 
analysis, Hurst index) is described in [24–29].

For most time series generated by natural 
processes, direct (analytical) determination of 
fractal dimension is impossible, so special 
algorithms [30], the Hurst exponent [1, P. 348] 
or numerical procedures [31] must be used. The 
relationship between fractal dimension and the 
Hurst exponent has been studied in sufficient 
detail in the works [1, P. 353; 32–34].

The objective of the work is to reveal the 
results of modern methods of analysis of time 
series that use values of intensity of car traffic 
flows in street-and-road network obtained 
through an experiment with the help of 
measuring software and hardware systems.

DATA	OBTAINED	THROUGH	FIELD	
OBSERVATIONS	OF	THE	INTENSITY	
OF	THE	CAR	TRAFFIC	FLOW

Studies on characteristics of car traffic flow 
traditionally use the dependence of the traffic 
flow intensity on time [35; 36]. The intensity N(ti) 
of the car traffic flow at the section of the urban 
road network considered in the proposed study 
(using the city of Perm as an example) at an 
arbitrary time ti was determined based on data 
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received from the measuring software and 
hardware systems (MSHS) in real time, using the 
expression:

( ) ( )i
i

n t
N t =

∆
, (1)

where n(ti) is number of vehicles at the entry 
point recorded during the time interval [ti

 –  ∆/2, 
ti + ∆/2], 1,i m= ;

∆ –  selected time interval;
m –  total number of observation intervals.
MSHS of «Azimuth» series 1 [37] allows 

recognising state registration plates, measuring 
the speed of a vehicle in the control zone, its 
average speed, the time of movement between 
the control lines and other characteristics.

To calculate the Hurst exponents and fractal 
characteristics of the functions of the intensity 
of the car traffic flow, 15 streets of the city of 
Perm (Vavilova Street, Lasvinskaya Street, 
Podlesnaya Street, Stakhanovskaya Street, 
Kosmonavtov Highway, Yuzhnaya Damba and 
others) with different values of the average traffic 
intensity (Table 1) were selected.

Pic. 1 shows the dependences of the intensities 
of traffic flows on time, calculated according to 
(1), with ∆ = 5 min. The duration of observation 
of traffic flows varied from 350 to 700 minutes, 
during which the intensities N(t) of car flows 
remained almost constant.

The normalised range method [1, P. 349; 24, 
28] is based on the approximation of the 

1 «Azimuth 2» MSHS. Road safety technologies. [Electronic 
resource]: https://tbdd.ru/node/224. Last accessed 11.01.2024.

dimensionless R/S index with a power-law 
dependence of the form atH, where a is a constant, 
H is the Hurst exponent (constant), t is time. 
Here:

( ) ( ) ( )
11

max , min ,
i Mi M

i it t tt t t
R M Z t M Z t M

≤ ≤≤ ≤
= −  (2)

– the range of deviations of —

( ) ( )
1

,
M

i i
i

Z t M N t N
=

 = − ∑ of random values of 

intensity N(ti) of the car traffic flow from the 
average value

( )
1

1 M

i
i

N N t
M =

= ∑ ; (3)

( ) 2

1

1 M

i
i

S N t N
M =

 = − ∑  (4)

– standard deviation of the intensity N(ti) of 
the traffic flow.

The exponent (Hurst index H) of atH 
function approximating the R/S dependence 
allows us to identify the main types of time 
series behaviour [1, P. 351; 38]: when H = 0,5, 
the values of the time series are considered 
random, that is, the terms of the series do not 
exhibit a trend dependence; in other words, the 
history of the appearance of the «early» terms 
of the series does not affect the values of the 
subsequent ones.

When 0 ≤ Н < 0,5, the time series is 
considered «anti-persistent», which reflects its 
instability.

When 0,5 < Н ≤ 1,0, the observed process 
turns out to be «persistent», that is, it has a trend 
component; the history of the formation of the 

Table 1
Hurst exponent H and fractal dimension D of traffic flow intensity functions at sections of 

urban road networks [performed by the author]
№ Average intensity N, car/h Hurst exponent H Fractal dimension D Pearson statistics χ2

1 166 0,5392 1,6998 30,6
2 281 0,7330 1,6943 32,5
3 311 0,7612 1,7501 31,6
4 417 0,7433 1,7701 40,9
5 467 –0,0310 1,7259 45,4
6 599 0,0359 1,6414 325,8
7 719 0,0573 1,7081 36,7
8 830 0,0158 1,6928 3634,7
9 956 0,0085 1,6715 39,0
10 975 –0,0520 1,6823 32,0
11 1046 –0,0230 1,6801 56,3
12 1273 0,0200 1,6523 108,0
13 1377 –0,0590 1,6606 31,5
14 1398 0,0313 1,6463 71,5
15 1426 –0,0080 1,7021 31,4
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«early» terms affects the values of the subsequent 
terms of the time series.

Pic. 2 presents in logarithmic coordinates 
the dependences of the functions of the 
normalised ranges R/S on time t for the functions 
of the intensity N(t) of traffic flows at the 
considered road sections according to relations 
(2)–(4), as well as the approximation by the 
least squares method of these curves by power 

functions. The corresponding values H of the 
Hurst exponent are given in Table 1. For several 
time series of intensities N(ti) of traffic flows, 
the values H of the Hurst exponent take negative 
values, which is not provided for by the classical 
interpretation of this indicator, 0 ≤ H ≤ 1,0 [1, 
P. 349; 37].

Calculation of fractal dimensions of the 
considered intensity curves (1) of traffic flows is 

Pic. 1. Intensities N (car/h) of traffic flows as a function of time t (min); average values of intensities of traffic flows (car/h): 166 (a), 281 (b), 311 
(c), 467 (d), 975 (e), 1273 (f), 1398 (g) and 1426 (h)[performed by the author].
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Pic. 1. Intensities N (car/h) of traffic flows as a function of time t (min); average values of 
intensities of traffic flows (car/h): 166 (a), 281 (b), 311 (c), 467 (d), 975 (e), 1273 (f), 1398 (g) and 

1426 (h)[performed by the author]. 
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Pic. 2. Dependences of the indicators of the normalised range R/S of the functions N(t) of the intensity of transport flows on 
time t (min, logarithmic coordinates); average values of the intensity N of flows: 166 (a), 281 (b), 311 (c), 467 (d), 975 (d), 1273 (e), 

1398 (g) and 1426 (h) [performed by the author].

 

 

( ) 1 ~
D

m δ
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, (5) 

the exponent D defines the Hausdorff–Besicovitch dimension.  
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Pic. 2. Dependences of the indicators of the normalised range R/S of the functions N(t) of the 

intensity of transport flows on time t (min, logarithmic coordinates); average values of the 
intensity N of flows: 166 (a), 281 (b), 311 (c), 467 (d), 975 (d), 1273 (e), 1398 (g) and 1426 (h) 

[performed by the author]. 
made with the box-counting method [1. P. 46; 2, 
P. 197; 3, P. 137], the idea of which is based on 
determining Hausdorff–Besicovitch dimension.

It is assumed that within the considered 
observation interval [t1, tm] the function N(t) with 
a finite number of breaks is known (it is these 
functions N(ti) that are considered as time series 
obtained with MSHS of «Azimuth» series). 
Within the segment [t1, tm] a grid region 

{ }1  · , ,m it i i mω = = d =  is introduced,
where δ = (tm –  t0) / m is a grid step.

The considered function N(t) is covered by 
square cells with a side of δ. As the size of δ 
decreases, the number of cells m covering the 
curve increases according to the power law [13]

( ) 1 ~
D

m
 d  d 

, (5)
the exponent D defines the Hausdorff–

Besicovitch dimension.
Taking the logarithm of expression (5) leads 

to the relation:
( )

( )0

 
1

lim
/

lnm
D

lnd→

d
=

d
. (6)
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Pic. 2. Dependences of the indicators of the normalised range R/S of the functions N(t) of the intensity of transport 
flows on time t (min, logarithmic coordinates); average values of the intensity N of flows: 166 (a), 281 (b), 311 

(c), 467 (d), 975 (d), 1273 (e), 1398 (g) and 1426 (h) [performed by the author].

Pic. 3. Dependences of the length L of the functions N(t) of the intensity of traffic flows on the value of 1⁄δ (min–1, logarithmic coordinates 
( )1/ln d and ( )lnL d ); average intensities of N flows: 

166 (a), 281 (b), 311 (c), 467 (d), 975 (e), 1273 (f), 1398 (g) and 1426 (h) [performed by the author].
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Pic. 3. Dependences of the length L of the functions N(t) of the intensity of traffic flows on the 

value of 1⁄δ (min–1, logarithmic coordinates 𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍(𝟏𝟏𝟏𝟏 𝟏𝟏𝟏𝟏⁄ )and 𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍(𝟏𝟏𝟏𝟏)); average intensities of N flows: 
166 (a), 281 (b), 311 (c), 467 (d), 975 (e), 1273 (f), 1398 (g) and 1426 (h) [performed by the 

author]. 
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To calculate the fractal dimension D, the 
plane on which the function N(t) under 
consideration is defined is initially covered with 
square cells of size δ1, and the number M1 of cells 
covering the graph under study is counted. Then 
the size of the square cell is reduced to the value 
δ2, the number M2 of cells covering the graph 
under study with cells of size 2δ2 is counted, and 
so on.

For practical calculations, instead of the 
number m of cells covering the graph under study, 
it is convenient to use the length of the measured 
curve L(δ) = mδ. In this case, expression (5) is 
reduced to the form:

( ) ( )
11 1

~
D D

L m
−

   d = d d d =   d d   
. (7)

The obtained empirical dependence L(δ) is 
approximated with the least squares method with 
a power function:

L(δ) ≈a(1/δ)d. (8)
From the comparison of (7) and (8) it follows 

that the fractal dimension D is determined by the 
value of the exponent d of the approximating 
function,
D = 1 + d. (9)

Pic. 3 shows the dependences of the length L 
of the functions N(t) of the intensity of traffic flows 
at the considered road sections on the value 1/δ 
(in logarithmic coordinates), determined according 
to the algorithm of the cell coverage method, as 
well as the approximation by the least squares 
method of these curves with power functions.

In the monograph [1, P. 353] B. Mandelbrot 
proposed a relationship between the Hurst index 
(exponent) H and the fractal dimension D:
D = 2 –  H, (10)
which is actively used by researchers to calculate 
the index H from the known value of D and, 

Pic. 4. Dependences of the Hurst exponent H (a), fractal dimension D (b) and the sum D + H (c) 
on the average value N (car/h) of traffic flow intensity [performed by the author].

 

 

on economics [11; 15; 16; 39], physics [12], medicine [23], network technologies 

[41−44], industry development [45−47], transport problems [20; 48] and other 

disciplines. The monograph [32] is devoted to the study of relation (10) using a large 

amount of experimental data; it notes the presence of a certain discrepancy between 

this relation and the results of field measurements. 

The availability of data on real traffic flow intensities following collection of data 

of MSHS installed in the road network of the city of Perm allows us to further study 

the issue of the conformity of the ratio (10) with the results of field measurements. For 

this purpose, the Hurst indices H and the fractal dimension D were calculated at the 

selected sections of the street-and-road network (Table 1) with different traffic 

intensities. 

Pic. 4 shows the dependences of the Hurst indices H (Pic. 4, a) and fractal 

dimensions D (Pic. 4, b), as well as the sum D + H (Pic. 4, c) on the average intensities 

N of car traffic flows. 

For values of the average traffic flow intensity N less than 420 car/h, the Hurst 

index takes values from 0,54 to 0,76, which characterises the time dependence of the 

traffic flow intensity as persistent, characteristic of natural processes [37]. 
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c 

Pic. 4. Dependences of the Hurst exponent H (a), fractal dimension D (b) and the sum D + H 
(c) on the average value N (car/h) of traffic flow intensity [performed by the author]. 

 

At an average traffic flow intensity N of more than 420 car/h, the Hurst exponent 

drops to minimum values, including negative values (see data in Table 1, Pic. 2, d, e), 

characterising the time dependence of traffic flow intensity as antipersistent, i.e. as 

chaotic. It should be noted that during computational processing of field observation 

data, negative values of the Hurst exponent were obtained (Pic. 2, d, e, h; 4, a; Table 

1). This contradicts the statement contained in some of the publications listed above 

that the Hurst exponent cannot take negative values. 

The fractal dimension D of the time series (Pic. 4, b) depends little on the average 

traffic flow intensity and varies within the range from 1,65 to 1,77. 

The sum D + H (Pic. 4, c) at 420N < car/h exceeds the value 2 predicted by the 

relation (10); at 420N > car/h, the sum D + H is less than the expected value. The 

relative deviation of the total value of D + H from the value of 2 reaches 25,7%. 
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conversely, to determine the dimension of D from 
the found value of the index H. The use of relation 
(10) is found in theoretical studies [30; 34; 38], 
in publications on economics [11; 15; 16; 39], 
physics [12], medicine [23], network technologies 
[41–44], industry development [45–47], transport 
problems [20; 48] and other disciplines. The 
monograph [32] is devoted to the study of 
relation (10) using a large amount of experimental 
data; it notes the presence of a certain discrepancy 
between this relation and the results of field 
measurements.

The availability of data on real traffic flow 
intensities following collection of data of MSHS 
installed in the road network of the city of Perm 
allows us to further study the issue of the 
conformity of the ratio (10) with the results of 
field measurements. For this purpose, the Hurst 

indices H and the fractal dimension D were 
calculated at the selected sections of the street-
and-road network (Table 1) with different traffic 
intensities.

Pic. 4 shows the dependences of the Hurst 
indices H (Pic. 4, a) and fractal dimensions D 
(Pic. 4, b), as well as the sum D + H (Pic. 4, c) on 
the average intensities N of car traffic flows.

For values of the average traffic flow intensity 
〈N〉 less than 420 car/h, the Hurst index takes 
values from 0,54 to 0,76, which characterises the 
time dependence of the traffic flow intensity as 
persistent, characteristic of natural processes 
[37].

At an average traffic flow intensity 〈N〉 of 
more than 420 car/h, the Hurst exponent drops 
to minimum values, including negative values 
(see data in Table 1, Pic. 2, d, e), characterising 

Pic. 5. Gaussian (–о–) and empirical (◊) distributions of the density of probabilities p of the intensities N of traffic flows; values of the average 
intensities 〈N〉 of car traffic flows (car/h): 166 (a), 281 (b), 311 (c), 467 (d), 975 (e), 1273 (f), 1398 (g) and 1426 (h) [performed by the author].

 

 

In the monograph [1, P. 350] B. Mandelbrot indicates that the relationship (9) is 

obtained under the assumption that the random process under study should correspond 

to the Gaussian (normal) probability distribution. Pic. 5 presents data on the 

distribution of theoretical and empirical distributions of the probabilities p of the 

intensities N of car traffic flows in Perm SRN. 

Table 1 presents the numerical values of the statistics of the Pearson criterion χ2 

for all the road sections considered. The critical value of the Pearson criterion for a 

significance level of 0,95 is 30,1, which is less than all the values of the criterion χ2 

given in Table 1 for the functions N(ti) of the intensity of car traffic flows given in this 

study. 
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Pic. 5. Gaussian (–о–) and empirical ( ◊◊ ) distributions of the density of probabilities p of the 

intensities N of traffic flows; values of the average intensities〈〈N〉〉of car traffic flows (car/h): 166 
(a), 281 (b), 311 (c), 467 (d), 975 (e), 1273 (f), 1398 (g) and 1426 (h) [performed by the author]. 

 

It should be recognised that in all the cases considered, the probability distribution 

of the values of the time series of intensities N(ti) of transport flows cannot be 

considered as Gaussian (normal). This, apparently, explains the discrepancy between 

the relationship (10), established by B. Mandelbrot, and the results of field observations 

(Pic. 4, c).  

It becomes obvious that before using the relationship (10), one should make sure 

that the probability distribution of the components of the time series under study is 

Gaussian (or close to it). Otherwise, the error in using formula (10) may be significant. 

 

CONCLUSIONS  

Processing of data from MSHS installed in the road network of the city of Perm 

allows to obtain reliable and meaningful information on traffic flows in the street-and-

road network of a modern city in real time.  

Analysis of the data on traffic intensity obtained from MSHS revealed anomalies 
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instability of time series evolution trends, lies in the range from 0 to 1, whereas when 

calculating this indicator for the functions of traffic intensity in this study, the values 

obtained were beyond the specified range. The dependence of the Hurst exponent on 
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the time dependence of traffic flow intensity as 
antipersistent, i. e. as chaotic. It should be noted 
that during computational processing of field 
observation data, negative values of the Hurst 
exponent were obtained (Pic. 2, d, e, h; 4, a; Tab ). 
This contradicts the statement contained in some 
of the publications listed above that the Hurst 
exponent cannot take negative values.

The fractal dimension D of the time series 
(Pic. 4, b) depends little on the average traffic 
flow intensity and varies within the range from 
1,65 to 1,77.

The sum D + H (Pic. 4, c) at 〈N〉 < 420  car/h 
exceeds the value 2 predicted by the relation (10); 
at 〈N〉 > 420 car/h, the sum D + H is less than the 
expected value. The relative deviation of the total 
value of D + H from the value of 2 reaches 
25,7 %.

In the monograph [1, P. 350] B. Mandelbrot 
indicates that the relationship (9) is obtained 
under the assumption that the random process 
under study should correspond to the Gaussian 
(normal) probability distribution. Pic. 5 presents 
data on the distribution of theoretical and 
empirical distributions of the probabilities p of 
the intensities N of car traffic flows in Perm 
SRN.

Table 1 presents the numerical values of the 
statistics of the Pearson criterion χ2 for all the 
road sections considered. The critical value of 
the Pearson criterion for a significance level of 
0,95 is 30,1, which is less than all the values of 
the criterion χ2 given in Table 1 for the functions 
N(ti) of the intensity of car traffic flows given in 
this study.

It should be recognised that in all the cases 
considered, the probability distribution of the 
values of the time series of intensities N(ti) of 
transport flows cannot be considered as Gaussian 
(normal). This, apparently, explains the 
discrepancy between the relationship (10), 
established by B. Mandelbrot, and the results of 
field observations (Pic. 4, c).

It becomes obvious that before using the 
relationship (10), one should make sure that the 
probability distribution of the components of the 
time series under study is Gaussian (or close to 
it). Otherwise, the error in using formula (10) 
may be significant.

CONCLUSIONS
Processing of data from MSHS installed in 

the road network of the city of Perm allows to 
obtain reliable and meaningful information on 

traffic flows in the street-and-road network of 
a modern city in real time.

Analysis of the data on traffic intensity 
obtained from MSHS revealed anomalies in the 
values of the Hurst exponent when using the 
normalised range method. It is traditionally 
believed that the Hurst exponent, which is 
a criterion for stability or instability of time series 
evolution trends, lies in the range from 0 to 1, 
whereas when calculating this indicator for the 
functions of traffic intensity in this study, the 
values obtained were beyond the specified range. 
The dependence of the Hurst exponent on the 
average value of traffic intensity was revealed: 
for small values of the average intensity, the 
Hurst exponent exceeds 0,5, which corresponds 
to the persistence of the observed process; for 
values exceeding 420 … 450 car/h, this indicator 
sharply decreases, which is a sign of anti-
persistence of the process of car traffic flow, and 
can take negative values.

It has been established that the traditionally 
used B. Mandelbrot relation, which links the 
fractal dimension and the Hurst exponent, when 
performing field measurements of the intensity 
of vehicle flows, is violated with a relative error 
of up to 25 %. An additional study has shown 
that the reason for such an error may be the 
failure to meet the condition of the Gaussian 
(normal) probability distribution for the obtained 
time series of car traffic flow intensities.

It seems necessary in practical studies to 
check the compliance of the probability 
distribution of the components of the time series 
with the Gaussian (normal) distribution to justify 
the correctness of applying the B. Mandelbrot 
relation.

The detected anomalies require further 
in-depth analysis of the considered and other 
methods and approaches used to analyse 
transport processes in the street-and-road 
networks of large cities.
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