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According to the Transport Strategy of the Russian Federation, 
unprecedented volumes of transportation along BAM and Trans- Siberian 
Mainline are planned thanks to an increase in train weight standards, 
traffic speed along the sections, efficiency of traction capacity of diesel 
locomotives. Similar tasks were already set in the 1970s. Their solution 
was complicated by insufficient experience (in light of the present state 
of knowledge) in development and use of frame support and combined 
traction drives on cargo diesel locomotives, and the lack of an objective 
idea of operating conditions in which the designed diesel locomotives 
would have to work. In this regard, the design of wheel- motor units (WMU) 
of diesel locomotive bogies with axial- supported suspension of traction 
drives was carried out based on generalised results of empirical studies 
of the dynamics of various types and series of locomotives.

The objective of the work is to develop a model of mathematical 
analysis and an algorithm for calculating the categories of dynamic 
forces and the speed of interaction of wheels of a cargo diesel 
locomotive in contact with rails at the design stage of development of 
traction drives to ensure their high technical and economic performance 
indicators under operating conditions.

Long-term monitoring of dependability of diesel locomotives on 
the Eastern section of BAM has allowed to identify system failures of 
the equipment of the locomotive’s underframe, which confirm the bias 

of the calculated design solutions for traction drives of diesel locomotives 
of modern TE25A, 2TE25KM and 3TE25K2M series, created in 21st 
century. System failures of WMU equipment of modern series (TE25KM) 
are a consequence of direct «mechanistic» borrowing of unsuccessful 
design solutions of universal diesel locomotive underframes (TE10 and 
TE116).

The article proposes a clarification of theoretical provisions for 
modelling qualitative criteria for dynamics in the contact areas of wheels 
with rails of traction drives of diesel locomotives at the design stage. 
The mechanism of interaction «wheel –  rail» is supported by the 
mathematical theory of cycloid, a circle motion. The algorithm for 
estimating forces in the contact areas of wheels with rails is built on the 
theorems of classical theoretical mechanics of non-free movement of 
a wheelset and the laws of dynamics as an unchangeable holonomic 
system.

Clarifications were obtained for kinematics characteristics (angular 
velocity, angular acceleration); real centres of speed and acceleration 
of wheels; moments of inertia of rotating unsprung mass of wheel- motor 
units with axial- supported suspension of traction drives. The new 
approach makes it possible to quantify the criteria for dynamics in 
wheel-rail contact areas at the design stage, which were previously not 
amenable to calculation.
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STATEMENT	OF	THE	PROBLEM
Relevance of Research

Despite the well-known achievements in 
design and development of domestic locomotives, 
the negative phenomena of structural failures of 
mechanical equipment of underframe have 
recently become the subject of active discussion 
in the circles of researchers, railway engineers 
and machine builders [1]. The reasons for this 
are:

1) To date, neither the customer, nor the 
transport machine builders meeting the orders, 
have a mathematical theory for design of more 
powerful mainline diesel locomotives with 
increased dependability indicators, improved 
dynamics and increased traction properties [2].

2) Design of the mechanical equipment of the 
underframe is carried out in accordance with 
GOST R [Russian state standard] 55513-2013 
for static axial load, static safety factors and 
cyclic fatigue resistance, which cannot fully 
reflect the real criteria of forces and reactions of 
the loaded mechanical part of traction drives in 
operating conditions.

3) Solving problems of underframe dynamics 
in the case of non-free movement of material 
points of the wheel poles in contact with the 
surface of rails is carried out using approximate 
methods based on the average algebraic 
translational speed of the wheel centres, and «this 
is due, in particular, to the lack of a method for 
determining the angular speed ω of wheels» [3].

4) Paradigms for modelling dynamic loads 
acting on the contact areas of wheels with rails 
and the sprung masses of the underframe of diesel 
locomotives are based only on the characteristics 
of geometric disturbances from the state of the 
rail surfaces (reduced to gravitational acceleratio ), 
which are used to evaluate the dynamic properties, 
strength and durability of structures at the design 
stage.

Based on own research experience, it can 
be noticed that until the present period, the 
most important  laws of dynamics,  the 
categories of forces and speeds of interaction 
of wheels and rails that underlie the processes 
of operation of mechanisms, have not been 
fully studied and adapted. The resulting cause-
and-effect state in this process was reinforced 
by the erroneous position of researchers and 
engineers declaring in fact that nature has 
deprived railwaymen of the laws of mechanics. 
Let’s look at whether this is true using 
domestic examples.

Domestic Scientific and Theoretical Base for 
Research

The practical need for in-depth scientific and 
theoretical studies of assessment of dynamic 
constant and variable forces and reactions of 
interaction of steam locomotive wheels in contact 
with rails, depending on the speed of movement, 
was determined by train accidents (1883, 1888) 
on the Russian railways. The wrecks became the 
main motive of Professor Nickolay P. Petrov 
[1836–1920] for studying the influence of several 
phenomena that accompanied mediums of causes 
that at the epoch did not have theoretical rationale 
and algorithms for assessing, namely the 
permissible limits of stress [σ] in rails (in contact 
with wheels) [4].

Knowing the law of unfree and forced 
movement of a material point along a given fixed 
surface, considering the connections imposed on 
it, Professor N. P. Petrov began to identify the 
forces acting on it. Using this approach, 
a simulation mathematical model of analysis and 
algorithms for determining the numerical values 
of the vectors were developed, namely of 
horizontal traction forces, which in a certain way 
depend on time and on speed of the locomotive; 
vertical centrifugal forces of rotating masses 
perceived by rails at translational and rotational 
speeds of wheels, their adhesion to rails. The 
simulation mathematical models were based on 
the Zimmermann and Clapeyron equations. 
Model based on Clapeyron’s equations proved 
to be the priority one because of the most 
objective convergence with reality.

To confirm the scientific validity of the 
theory, N. P. Petrov clarified and corrected the 
results of previous experiments performed by 
other scientists. Calculated values of dynamic 
loads from wheels on rails had convergence with 
experimental data in the range from plus 3,9 % 
to minus 1,8 % (in kilograms of force) [4].

According to the conclusion of N. P. Petrov, 
this theory «freed us from the need to make 
assumptions about some semblance of existing 
reality and allows us to evaluate the complete 
separate influence of each factor, which was 
impossible in experiments». Subsequently, 
N. P. Petrov’s theory was developed in the 
research and scientific works of Professors 
S .  P.  Timoshenko,  A.  L.  Vasyut insky, 
G. M. Shakhunyants and others, in the field of 
interaction of rolling stock and track.

In 1897, according to the design of 
N. P. Petrov, a passenger steam locomotive was 
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created at Putilov plant. The diameter of the 
locomotive’s driving wheels was 2000 mm. With 
a train weighing 250 tons, it reached an average 
speed of 78 km/h. Steam locomotives of this 
series were used until 1911 for courier trains 
[long distance trains with comfortable 
compartments running at higher speed], and until 
the 1930s, in local traffic [5].

Problems of the Current Moment
The intensive transition to advanced types of 

traction (diesel locomotives, electric locomotives) 
has determined several new dynamic properties 
of bogie underframes with individual wheelset 
drives. The problems that arose had not got 
previously an objective scientific and theoretical 
analysis and explanation, which led to the need 
to study them in the process of experimental 
research.

It should be noted that during the experiments 
a few main factors were not identified: the 
traction force of WMU and individual units of 
multiple locomotives, the maximum moments of 
the inertia of the rotating masses of WMU and 
a number of others [6]. Numerical criteria for 
forces of interaction between wheels and rails 
were calculated from the amplitudes and 
accelerations of the sprung part of the bogies and 
body, reduced to their gravitational acceleration 
in fractions of g, as well as from the dynamic 
coefficients of the sprung parts Кd, depending on 
the translational speed of various types of 
locomotives [6].

Solving the difficult problems of improving 
the dynamics of traction drives of diesel 
locomotives, A. I. Belyaev [7] drew the attention 
of the scientific community to the different 
vibration state of the axlebox units of wheelsets, 
with the axial support suspension of traction 
drives. In the process of carefully prepared and 
performed experiments, he established that the 
measured unit of vibration acceleration of the 
axlebox in fraction g (from the side of the gear 
reducer) corresponded each time to an uncertain 
(random) value of vertical amplitudes of 
disturbances coming from the rail track, in 
comparison with the opposite axlebox.

By mathematical simulation modelling of 
vibrations of diesel locomotive components (for 
TE10L, TE10V, TE116, TEM7 series), in 
comparison with statistical and probabilistic 
experimental data, A. I. Belyaev established the 
existence of dependences of vibration amplitudes 
of axle box units on conservative forces 

determined by the unsprung masses of various 
types of drives. However, these dependencies, 
due to insufficient analytical argumentation, have 
made experts distrust them for a long time. At 
the same time, most of the known models, with 
rare exceptions, are built based on approximate 
linear differential equations of forced sinusoidal 
vibrations of bogie frames and bodies. The 
mathematical essence of such forecasting reflects 
an insufficient understanding of the practical laws 
of harmonic oscillations and the dynamics of the 
WMU system, in particular, of the existing 
kinematic and dynamic factors in the contact 
areas of wheels with rails, when the point of the 
wheel T (point of contact with the rail) is forced 
to move along a given fixed surface of the rail of 
an unpredictable physical condition.

Based on the definition of dynamics, it has 
only one characteristic point that is the speed. 
However, to this day, researchers have got yet 
insufficient understanding of the nature of the 
relationships between the mechanism of rolling 
and the mathematical essence of the convergence 
of equations (in a particular case) of the 
kinematics of translational- rotational motion of 
a wheel: of translational, circumferential and 
angular velocity; tangential, normal and angular 
accelerations with uniform motion of the 
locomotive and uniform rotation of the wheel 
[3].

This is mainly because the authors of modern 
textbooks on theoretical mechanics and of 
monographs offer a few contradictory 
interpretations of the laws of dynamics and 
theorems of plane- parallel motion of the poles 
of driving wheels, in particular, the points of their 
contact with rails. For example, the rolling of 
a wheel on a straight rail is considered only as 
translational one at the speed of the centre of the 
wheel. Thus, complex movement of points –  
poles of the sections of the rolling circles of 
wheels –  is taken to be identical to the translational 
motion of the locomotive, in which all its points 
move in the same way as arbitrarily chosen 
poles –  the centres of wheels [8; 9].

The works [10–12] proposed for the first time 
adapted methods and algorithms that make it 
possible to objectively solve problems of the 
dynamics of non-free, plane- parallel and 
translational- rotational motion of a wheel pole, 
when a point is forced to move along a given 
fixed surface or curve. The technique makes it 
possible to determine: a) the law of motion of 
points of the circle of the section of the profile 
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of railway wheels corresponds to the hodograph 
of the cycloid, preserving the relationships and 
ratios of the diameters of the wheels of one 
wheelset with the translational speed of the diesel 
locomotive; b) the resulting speed VA of point 
A (belonging to the tread circle of the wheel) on 
any section of the transcendental trajectory of 
the cycloid (from 0 to π), taking into account the 
diameter of driving wheels, the position of the 
wheelset in the rail track and time; c) the speed 
of interaction of wheels with rails VI, depending 
on the translational speed V0 of the diesel 
locomotive; d) angular speed ωI of interaction of 
wheels with rails; e) angular centripetal 
acceleration εC at the contact areas of wheels with 
rails.

Determination of angular acceleration in 
contact of a wheel with a rail

One of a set of reasons for a certain 
underdevelopment of the theory of «wheel-rail» 
interaction [13] is that the non-free movement of 
locomotive wheels belongs to little- studied 
sections of theoretical and applied mechanics� 
[9]. The basis of contradictions, in particular, is 
dominated by the lack of an adapted practical 
methodology and algorithm that makes it 
possible to determine the numerical values of the 
angular (centripetal) acceleration of the point of 
the centre of the mass of the driving wheel, which 
is its pole and point of contact with the rail.

The objective of the work is to update and 
describe mathematical equations of angular 
acceleration and develop a mathematical 
algorithm for solving problems, with high 
validity of estimates of acceleration criteria in 
the «wheel-rail» contact point, based on cycloid 
theory, instantaneous angular velocity of the 
point of the tread circle of each individual wheel 
of the wheelset in contact with the rail, considering 
the design and technical parameters of WMU.

METHODOLOGY,	RESULTS,	DISCUSSION
Methodological approaches to solving 

problems of estimating angular accelerations, in 
a particular case, require clarification and 
justification of features of the theoretical 
provisions of the kinematics and dynamics of the 
constrained, complex, translational- rotational 
movement of locomotive wheels. For example, 
the rotation of wheels (wheelset) pressed onto an 
axle. The law of rotational motion of the wheel 
is expressed by the equation:
φ = f (t). (1)

The angle φ is always measured in radians. 
The main kinematic characteristics of rotational 
motion of the wheel are its angular speed ω and 
angular acceleration ε. The angular speed at 
a given time t is expressed by the equation:
ω = dφ/dt. (2)

If the angular speed of the wheel remains 
constant (ω = const), then the rotation of the 
wheel is called uniform:
ω = φ/t. (3)

In technology, the speed of uniform rotation 
is often determined by the number of revolutions 
per minute, denoting this value by n, rpm. 
Relationship between n, rpm and ω –  1/sec. With 
one revolution the wheel rotates through an angle 
of 2π, and with n revolutions for an angle 2πn, 
this rotation is made in time t = 1 min = 60 sec. 
Based on this it follows that:
ω = πn/30 ≈ 0,1 n. (4)

It should be especially emphasised that the 
dimension of n is not the angle, but the angular 
speed. Then the angular acceleration at a given 
time will be numerically equal to the first 
derivative of the angular speed with respect to 
time:
ε = dω/dt. (5)

The unit of measurement is usually 1/sec2.
Having established the characteristics of the 

angular speed of the wheel’s tread circle as 
a whole, it is necessary to move on to explaining 
movement of its individual points [10; 14]. To 
forestall contradictions and discussions, it is 
necessary to recall that the law of motion of the 
conditional point of the circle of cross- section of 
the driving wheel has a mathematical description 
of an ordinary cycloid. With a wheel (tread circle 
with radius r) motion, the conditional point A will 
describe a cycloid, the plane of which is 
perpendicular to the axis of rotation, but the 
centre of rotation will be at point T, at the pole 
on the fixed surface of the centroid (surface of 
the rail head).

It should be noted that the angular speed of 
rolling of the cross- sectional circle of the rim 
differs from the linear or circumferential speed 
of point A [10; 14].

The mathematical law of uniform, plane- 
parallel movement of wheel cross- section points 
without slipping at the poles, is represented by 
a mathematical transcendental function –  
a cycloid, which preserves the relationships and 
ratios of acceleration vectors at the wheel pole. 
This law is determined by the equations of 
kinematics of translational, resultant and angular 
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speeds for uniform motion of the wheelset and 
by angular acceleration at the conditional cusps 
of an ordinary cycloid, and the theorems of 
N. E. Zhukovsky, D’Alembert [15].

With this approach, the law of motion of 
a material point along the surface of the rail is 
equal to:

0
dS

V
dt

= , (6)
where V0 is translational speed of the wheel.

Provided that the wheel rotates uniformly, we 
can determine the linear speed of point A, which 
is located on the tread circle of the wheel rim:

( )0А

dS d
V V r r r

dt dt

ϕ
= = = ϕ = = ω. (7)
According to the properties of the cycloid 

[10–12; 14], we obtain the equation for the linear 
resulting speed vector:
VA = 2 V0 • cosα. (8)

From the condition that the contact pole of 
the wheel T with the rail does not slide along the 
rail, then the vector of the linear resulting speed 
of the wheel point VA, which is directed at an 
angle cos450 to the translational speed of the 

wheel center VО, which corresponds to 2
2 , we 

find:
0 0

22 2
2АV V V= = . (9)

Consequently, identity (9) excludes the 
doubts of Professor M. F. Verigo [3] and allows 
determining the instantaneous angular speed of 
interaction of the tread circle of each wheel of 
the wheelset with the rail:

А
Т r

V
ω = . (10)

Formula (10) shows that VA represents the 
instantaneous speed of interaction of the wheel 
cross- section with the rail at the T pole. This 
speed is mathematically justified by a parametric 
relationship with the diameter of the tread circle. 
Along with this, the vector of the resulting speed 
VA, tangent to the cycloid, always passes through 
the upper point of the diameter of the tread circle. 
And the normal to the tangent always passes 
through the pole T [10–12; 14]. In accordance 
with the transcendence of the cycloid, each 
hodograph has its own constant k:

1
2

k
r

= . (11)
According to condition (10), when we know 

the module of the average algebraic translational 
speed V0, the numerical value of the gear ratio μ of 
the traction gear reducer of the wheel- motor unit, 
the diameter of the tread circles of the wheels, we 
determine the angular speed of interaction of the 
wheel with the rail for any section of the profile of 

Pic. 1. Trajectory of movement of point A of the wheel cross- section (cycloid lines), vectors of angular acceleration εC, moment МW in contact 
of the wheel with the rail, vectors: Ftraction –  traction forces, Rx –  rail reactions, RAD –  force reflecting adhesion in a state of equilibrium 

(identical to Rx), KO –  impulse of resultant forces [performed by the authors]. 

WМ

tractionF

cε

T
ХR ADR

KO

N
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one wheelset. In this case, the linear speed V0 must 
be expressed in radians per second, then:

0 30
n

V r
π

= , (12)

0 2Т ТV Vω = = , (13)

2
30Т

n
r

π
ω = . (14)

If the angular speed is a constant value ω = 
const, then the vector of normal angular 
acceleration of the pole T will be directed as 
normal to the transcendental hodographs of the 
moving centroid’s point 1. Consequently, 
acceleration of the material point of the wheel 
corresponds in absolute value to the centripetal 
acceleration εC, the vector of which is always 
directed from point T to the centre of the axis of 
the circle O of the section of the complex profile 
of the wheel (Pic. 1):

2 2

2
900C

n
rε

π
= . (15)

RESULTS
Thus, development of a methodology for 

determining the category of speed of complex 
translational and rotational motion of 
a locomotive wheel makes it possible to solve 
the Newton’s first and second law problems and 
determine the reactions of superimposed 
relationships. The basic law of dynamics for 
non-free movement of a wheel point will take 
the form:

W C
aF Nm = +ε∑ ∑ , (16)

where Fa are active constant and variable forces 
acting on the T pole;

N –  reaction of a flat surface of a stationary 
centroid (rail) to the influence of a wheel pole, 
considering the convergence of active forces and 
speed.
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