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ABSTRACT

The article deals with the features of the transition
zone from the ballast under-sleeper base to the bridge
structure with various types of span structures, as well
as the sections of the ballastless track, conjugated with
the transient zone. An analytical model is proposed for

describing the dynamic behavior of a railway track in
the form of a transversely isotropic plate with variable
rigidity parameters. Examples of the use of the
proposed model for calculating the dynamic depression
of aroadbed under the influence of a rolling stock with
different freight and speed characteristics are given.

Keywords: railway, bridge, roadbed, residual deformation, variable rigidity section, track depression,
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Background. When reconstructing railway
sections for organization of high-speed train traffic,
all problem areas that can become sources of large
track disturbances and possible speed limits
restrictions must be upgraded.

One of these objects is the railway track on the
roadbed in the zone adjacent to the bridge. The track
on the bridge itself is quite stable and does not have
large drawdowns, while track on the roadbed might be
subject to depression in the approach zone. In order to
reduce the potential danger, itis necessary to strengthen
the track in this zone. To smoothly interface problem
areas at the approaches and on the bridges with ballast
and ballastless design of the roadbed, transitional
sections with variable rigidity are arranged so that the
vertical rigidity on the bridge and the approach
embankment does not differ much from each other.

Objective. The objective of the authors is to
consider mathematical modeling of sections of
variable rigidity in front of artificial structures.

Methods. The authors use general scientific and
engineering methods, comparative analysis, graph
construction, evaluation approach, mathematical
calculations.

Results.

1.

The length of the transition section of the railway
track with variable rigidity at the approach to the
bridge is determined for each object by the length of
the railway track disturbance zone. The data of the
track measuring car or the results of the load train
tests help in this.

Table 1 shows the minimum length of the section
with variable rigidity at the approach to the bridge,
depending on the train speed [1].

In studies conducted by Holland Railconsult [2],
the length of the transition zone effect can be
determined using the so-called «one second» rule. In
this case, for example, at a train speed of 200 km/h,
the length of the zone will be 55 m.

Table 1
Minimum length of a section of variable
rigidity

No. Minimum length ofa | Maximum speed of

section, m train movement, km/h
1 15 less than 80

20 80—120
3 25 more than 120
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When the rolling stock passes through the part of
the bend that has arisen during the track depression,
an additional dynamic effect on the wheel set occurs,
the value of which depends on the size of the
difference (angle) in the transition zone (Pic. 1).
Increased vibrodynamic load leads to increased wear
of the elements of the track upper structure and the
appearance of defects in the upper layers of the
roadbed.

The intensity of the effect of the vibrodynamic load
on the rolling stock can be calculated from the
formula:

_13p,
S

where P is axial load of the calculated mobile unit, KN;

n — number of axles in the bogie;

1, — length of the rigid base of the bogie, m;

b,—length of sleepers, m (for reinforced concrete
sleepers — 2,7 m, for wooden sleepers — 2,75 m).

There are many methods and computational
algorithms to solve the problems of calculating the
structures, their elements and entire structures for
different types of applied load, but the most relevant
are the techniques that allow to take into account not
only the dynamics of the application of the load, but
also the dynamics of the changes in deformation and
strength characteristics of the structures of track and
base [3].

Having the data of field observations, it is possible
to construct a mathematical model of a section of
variable rigidity using numerical methods in a software
environment with the help of a computer and obtain
a package of functional requirements and standards
for transient structures.

In most modern computer systems (PC Lira,
Mirage, SCAD, Ansys, Abaqus, Nastran, Lusas, etc.),
the advantage is given to the methods of finite and
boundary elements [4-6].

The finite element method replaces the problem
of finding a function for the problem of finding the
final number of its most accurate values at different
nodal points. The primary problem with respect to
a function is constructed from a functional equation,
the problem of the finite element method with
respect to its values at nodes implies a violation of
the system of algebraic equations. While reducing
the maximum size of the constituent elements, the
number of nodes and the required nodal parameters
are added. At the same time, the chance to
approach the conditions of the problem more
accurately and to approach the desired result
closely increases.

(1)
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Pic. 1. The section of conjugation of structures of different rigidity.

2.
In our version, itis proposed to represent a railway 50102 - r r T T
track as an elastic orthotropic plate [3, 4, 7] whose
dynamic behavior is described by equations of the S
Ufland—Mindlin—Reissner type, taking into account 15107
the inertia of rotation of the cross sections and the B
deformation of the transverse shear [8, 9]. Since the 8
motion of a vehicle in a straight section is actually an < 10107
axisymmetric problem, then the equations, describing E
it, can be represented in a general form when the wave 5
characteristics do not depend on the angle 0 [10]: 5107
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Pic. 4. Dependence of the dynamic deflection on time
for different values of the ratio G,/ E,.

= ,B, = ,
1-0,0, l1-o0,0,

5 .
Eo,=E,0, K = D, D,and C, C, - respectively,
024 +
rigidity of deflection and tension-compression for
directions , 6; D, — torsional rigidity; C, — shear rigidity;
E, E,and 6, o, - elastic modulus and Poisson’s ratio 018 -
for directions r, 6, G, G,, — shear modulus in the

planes rz and 6z respectively; w(r, 0) — normal 2ol 2
displacement of the median plane; u(r, ) and \(r, 6) — =

tangential displacements of the median surface,

respectively, with respect to the coordinates r, 6; 006 |

o(r, 8) and y(r, ©) — arbitrary sought functions of the 3

coordinatesr, 6.
If we consider the deformation of the ballastless 0 " s S 7

track, then the proposed model can be simplified by E,/E,

assuming that the base plate can be represented by

a transversally isotropic plate lying on the deformable ~ Pic. 5. Dependence of the maximum deflection on the

base, two edges of which are rigidly fixed (along the relation E, / E. for different values of E.

track, in the direction of the rails), and the other two
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Pic. 6. Dependence of the dynamic deflection at the point of impact on time for different values in the anisotropy
directions: a) moduli of deformation, b) shear moduli.

are hinged (across the track, in the direction of
sleepers) [11-13]. In this case, the plate in the non-
deformable state occupies the area

0<x</;0<y<l;—h<z<h!.
1 2

To complete the simulation of dynamic behavior and
calculation of the firstand second group of limiting states
ofa reinforced concrete slab, the initial problem is to be
presented as a set of simpler ones, and the first problem
in this series is to determine the natural vibrations of the
plate. The equation describing the proper transverse
vibrations of the plate can be obtained from the relations
(2) —(6) and written in the form [15]:
o'W o'w o’
1?1'142 6[4 —A3?AW+
FANW + PW) =0, (7)

where W — transverse displacement of the points of

the medium plane of the plate, A — Laplace operator.
_ Y5

A=p;d=p (Asal +3A441)7;

2-24, 45 - e
A =31-p, 2 -1 4-1 7;
-3 (Au - A11A33 ) A33 A44
. n S
A, =24 (AnAss ~ A% )7’ A; = Epﬁ
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In those ratios, the value
oW ow
T+ AA—— —
ot ot
determines the reaction of the base, p, is density,
b -speed ofthe transverse wave; A, =A;=...=4,, —

(8)

POVY= 42 4,

anisotropy coefficients of the plate material.

The boundary conditions for the plate deformation
problem due to transverse oscillations in this
formulation can be represented in the form [16, 17]:

2
W=ﬂ=0;x=0,ll;
ox
oW (9)
=——=0;y=0,/,
oy

The solution of the homogeneous equation (7) is
proposed to be sought in the following form:

W(x,y,t)=W(x,y)exp[§%), (10)

where & — natural oscillation frequency of the plate.
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After substituting (10) into (7), we obtain:
2
AW (x, y)(bf] exp(f%] +

h
Y ol 22
hj exp(ih)+ (11)

For the convenience of working with the
mathematical model of a plate, it is expedient to use

/ /
dimensionless quantities x = ;‘a; y= ;2 B, bymeans

ofwhich the defining equation(11) can be represented
in the following form:

o o e
oa* 17 0d’op 1, op

12 AN S
V(a,B)| +B [‘——+‘——]+ =0.
( ) "\ 7?80’ 7r2122 op’
14
+B,-
2 (12)

Here we use the notation:

_143 [b_gjz +
1 n) |

ot
h

()43
1| Uk h

A, bé beY
+A| = |+ —=
(54 (%)

To solve the equation (12) it is proposed to use
the decomposition method [18], it allows us to
consider separately three auxiliary problems,
combining the results obtained.

o, oV,
1. aT“j=fl(a,ﬂ) Vl=6—a'=0 a=0,rz.
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2. n4aﬂ}=/‘2(a,ﬁ)V % =0 f=0,7. (13)
20|
T odop
12 o
B, i v,
+ (6’+’78ﬂ)+ +hH+f=
l4
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Here =1/, f(c. )= al',sin(nat)sin (mp) -

nm=1
arbitrary functions in the general form; a(Zn —arbitrary

constants, i=12.

In determining the dynamic characteristics of the
track behavior, taking into account the natural
oscillations for its given points, it can be assumed that
the following relations will be approximately satisfied:

1
VIEVZ;VFE(WVQ)- (14)

The general solution of the auxiliary problems (13)
is proposed to be sought within the variants:

© g0
V(e B)=3. ‘i;’—j:"sin(na)sin(mﬁ)+

© o (B)+ v (B) v (B):

w 2
Vil@p)= 3 - tcsin(na)sin(mp) + s

(@) 2 () @)+ ()

Ly (p)+

where v, () and ¢,(a) - some arbitrary functions,

for which it is necessary to take into account the
boundary conditions (9) and defragmentation of the
general problem (13).

Determining v, (B) and ¢,(a), we get:

foro =0
Vi(a.f)=vi(B)=0, —=y,(8)=0; (16)
fora=w
v (B)=0,y,(8)=0,
. 0
(e p)= Y. “sin (e sin (mp): (17)
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. 0
Vol p)=4(@)=0, 4 (a)=-3 n"m sin(nat); (18)
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6 & d) z
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Asaresult, from(13) we have the following system
of equations:

V=Vi=0, V=2 (1)),

P
0a’0p
A 0’ o
+B, ﬂ_z(a +’72£]+ Vi+fi+/=0 (20)
4
+B, -
2”4

For n,m=1 from (20) we fix the ratios:

(2 2
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T
Assuming a=f3 =E in the previous relations, we
obtain a system of equations that has a nonzero

solution only if its principal determinant is equal to
zero:

)

4
-B, 14[1—%—%[2—5—3)—1:0.
z'n 4) n 4

Ifwe substitute expressions for B, and B, in(21),

(21)

we obtain:

{55
{73560
1 AQ[?) +A“(h)+lﬁ(l ﬂ]_

A 2 ”4 4 4
4 ib ib n
+A‘[h] +A5[ h)

Equation (22) can be represented in the form of
an algebraic equation of the fourth order, the unknown
in which is the frequency of natural oscillations of the
ballastless track

A& +d, & +d,E +d,E+d =0. (23)

Here we have adopted the following notation for
the coefficients of unknowns:

(22)

e
o N\
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Solving the equation (23), we can determine the
frequencies of natural oscillations of the railway track,
which in turn will allow us to determine the dynamic
normal displacement of points of the track upper
structure [19, 20] and of the plate of the ballastless
base according to the formula (10).

The traditional ways of calculating the parameters
ofthe behavior of the railway track both because of the
movement of vehicles and due to natural oscillations
do not allow to fully take into account the anisotropic
properties of the track design, especially a ballastless
one, in straight and curved sections [7, 15, 21].

We have studied the data obtained and built the
graph dependences of dynamic deflections, which is
modeled by a transversally isotropic plate, on time for
different ratios of elastic moduli and shear moduli [13,
22]. The parameters of the dynamic impact of the
vehicle on the track take the following values: m=25t,
h=500mm, V,=20m/s, p=7850 kg/m".

Using relations (10) for the dynamic deflection
recorded in a dimensionless form, we obtain graphs of
the dependences of the dynamic characteristics on
time [12, 23].

Pic. 3 shows the dependence of the dynamic
deflection of the track upper structure on time for

different values of the ratio E,/E, (the ratio of the
reduced elastic moduli in the direction of the sleeper
and the rail, respectively), which are indicated as the
numbers in the curves. The influence of the anisotropic
properties of the plate of the ballastless base on the
characteristics of the dynamic effect is considered:

with decreasing ratio E,/E., the deflection-sediment
increases to a certain value at E,/E. <1; with

increasing E, / E., the deflection decreases, since the

last term of the segment of the series obtained from
(10) decreases with increasing ratio E,/E, > 1.
Pic. 4 shows depressions of the ballastless track,

assuming that it has transversely isotropic properties
for various shear moduli in the direction perpendicular

to the plane of the embankment ( G,, ), for different

ratios of the shear modulus in the direction
perpendicular to the rails, and the strain modulus in the

direction of the thread. The values G../E, are shown

in digits at the curves, at G, | E, = 0,54 the ballast prism
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has isotropic properties. From Pic. 4 it follows that the
increase in the value of the modulus ratio G, | E, leads

to a decrease in deflection-sediment.

The dashed line in Pic. 3 and Pic. 4 shows the
depressions determined experimentally on the
approach to the bridge over the Goryuchka River
(even track), the bridge located on the section
Saratov—-Kolotsky at 56 km. By comparison with the
curves obtained theoretically based on the proposed
model, it is possible to estimate the resulted rigidity
(modulus of elasticity and shear) of the track under
consideration at the approach to the bridge. As a
result, there is a good consistency between the results
ofthe experiment and the analytical calculation of the
largest deflection value and the duration of the
deformation at the track, only at the beginning the
experimental dependence behaves more linearly than
the theoretical dependence.

Pic. 5 shows the dependence of the maximum

deflection on the ratio E,/E, for different values of
the reduced strain modulus of the track upper
structure E: curve 1 corresponds to E = 3,6-10°,
curve 2 - E =2,5-10%, curve 3 - E =1,4-10°.
From Pic. 5 it follows that the maximum deflection
decreases with increasing ratio E, / E. andincreases

with increasing linear rigidity of the wheel-rail
contact E. Itis equally clear that as the ratio E,/E,

increases, the dynamic deflection decreases for all
considered wheel-rail contact rigidity ratios.
Simultaneously, the movements of the base of
the plate of the ballastless track in the zone of its
contact with the ground of the embankment were
determined.
In Pic. 6a it is shown that when the moduli of

elasticity E, and E,decrease and the maximum

value of the dynamic deflection increases, and E,

has the greatest effect on deflection. When the
values of shear moduli decrease, the deflection

increases, while the graph of Pic. 6b shows that G,

affects the dynamic deflection of the target more
than other parameters.

When decreasing G,., G,. , the greatest deflection

and time during which the deflection is equated to
zero increase proportionately, and when decreasing

G,, , the time related to the zero deflection increases

more intensively; i. e. restoration of the roadbed will
be slower.

Comparing the graphical dependencies for the
dynamic depression, it is possible to select the
mechanical characteristics of the embankment with
anisotropic properties (search for different structures
for the transitional sections of variable rigidity) in
such a way as to reduce the depression to the level
necessary for train movement at a given speed, and
the maximum force at which there will be no defects
in the roadbed.

Conclusions. Analyzing and comparing the
theoretical dependences obtained for different
values of the mechanical parameters of the roadbed
with the calculated data, it is easy to find that by
changing the mechanical parameters of the soil, it
is possible both to increase and reduce the
deformation of the railway track. High compliance of
the data of mathematical modeling with the results
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of experimental research makes it possible to
recommend the proposed method as a tool of solving
problems that ensure the stability of the behavior of
the railway track when operating existing lines and
when designing high-speed lines.
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