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Background. Let a random variable X be taken 
(no matter which, continuous or discrete), for example, 
the worker’s salary. The mathematical expectation MX 
(we  take only quantities with a finite value MX) 
characterizes the average value of the random variable. 
When estimating the deviation of a random variable 
from the mean value in an extensive literature on 
probability theory (see, in part. [1–3]), the dispersion 
of the random variable D(Х)=М(Х–МХ)2 is considered, 
then the notion of the mean-square deviation 

( ) ( )Х ХDσ =  is introduced and σ(X) is called the 

deviation of the random variable from the mathematical 
expectation. What exactly characterizes the obtained 
deviation is not very clear, let’s try to figure it out.

Objective. The objective of the author is to 
consider the absolute first central moment of random 
variables.

Methods. The author uses general scientific 
methods, mathematical apparatus, scientific 
description.

Results.
Three zones of value
Let the salary have the distribution law shown in 

Table 1.

The average salary 
1 1 1 1 1

МХ 10 30 90 150 170 90 .
5 5 5 5 5

= + + + + =    

The dispersion

( ) 2 2 2 21 1 1 1
80 60 60 80 4000,ö

5 5 5 5

aö (X) 3560 63,25 .ö

D Х

σ

= + + + =

= =

   

Now we calculate the true mean deviation of the 
random variable from the mathematical expectation, 

that is, we find the absolute first central moment for 
X (we denote it by Δ (X)):

	

( ) 1 1 1 1
Х М 80 60 60 80 56 .

5 5 5 5
Х МХ∆ = − = + + + =   

As can be seen, the discrepancy between σ (X) 
and Δ (X) is large – ​7,25 (thousand rubles). We take 
random values for which Δ (X) is a finite number (if 
Δ (X) = 0, then the random variable X is a constant), 
while σ (X) can be equal to ∞ (for example, X takes 

values 1 .5

2n

n
±  with probability 1

1
ö
2n+ , n = 1; 2; …; …n).

For an arbitrary random variable, we consider 
three zones of its values (Pic. 1).

The lower zone Н: х < МХ–∆(Х).
Middle zone С: [МХ–∆(Х); МХ+∆(Х)].
The higher zone В: х > МХ+∆(Х).
Accordingly, we have a zone of low earnings at a 

level of < 34, a zone of average earnings from 34 to 
146, and a zone of the highest earnings at a level 
above 146. Earnings of the amount of 30 fall into the 
lower zone, but if we judge by the standard deviation 
of σ (X), then earnings fall into middle zone. It is 
possible that a random variable takes only two values ​​
of МХ–∆(Х) and МХ+∆(Х), then it is easy to assume 
that the probabilities of accepting these values ​​= 1/2.

At the same time, when a random variable takes 
more than two values, the interior of the middle zone is 
always not empty. Zone H can be empty, then zone B is 
not empty (that is, it means that only average and higher 
earnings are available, they can be called good, as it is 
favorable for society). And here MX = 16; Δ (X) = 8. An 
example of such a distribution is given in Table 2.

If, on the contrary, zone B is empty, then zone H is 
not empty (this means that there are only medium and 
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ABSTRACT
The geometric, Poisson, and binomial distribution 

laws are considered in the article. For each of them an 
analytic formula of the absolute first central moments is 

derived, which allows us to find the average distribution 
zone. The work is of a fundamental nature and can be 
used in studies on probability theory, in applied problems 
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Table 1
Х (thous. rubles) 10 30 90 150 170

P 1/5 1/5 1/5 1/5 1/5

Pic. 1. Zones of values of an arbitrary random variable.

Table 2
Х(thous. rubles) 10 22 34

Р 4/6 1/6 1/6

Table 3
Х (thous. rubles) 12 24 36

Р 1/6 1/6 4/6
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Table 4
Х 1 2 3 … n …

Р р рq pq2 … pqn‑1 …

Table 5

1
Х

р
−

1
1

р
−

1
2ö

р
−

1
3ö ö

р
−

… 1
nö

р
−

…

Р р рq pq2 … pqn‑1 …

Table 6

1
Х

р
−

1
1

р
−

1
2

р
−

… 1
n

р
−

1
( 1)n

р
− +

1
(n 2)ö ö

р
+ −

…

Р р рq … pqn‑1 pqn pqn+1 …

Table 7
The values of σ(Х), ∆(Х) and σ(Х) – ​∆(Х) for the geometric distribution law
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Table 8

Х 0 1 2 … n …

Р е λ− е λλ − 2

2!

е λλ − …

!

nе

n

λλ − …

Table 9

Х λ− λ 1 λ− 2 λ− … n λ− …

Р е λ− е λλ − 2

2!

е λλ − …

!

nе

n

λλ − …

Table 11
The values of σ(Х), ∆(Х) and σ(Х) –∆(Х) for the Poisson distribution law

Table 10

Х λ− λ … nλ − ( 1)nλ − + (n 2)ö öλ+ − …

Р е λ− е λλ −

!

nе

n

λλ − 1

( 1)!

n е

n

λλ + −

+

2

( 2)!

n е

n

λλ + −

+

…

Table 12
Х 0 1 … k … n

Р nq 1nnpq − …
ö

k k n k
nC p q − … np

Table 13

Х np− np 1-np … k-np … n-np

Р nq 1nnpq − …
ö

k k n k
nC p q − … np
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low earnings, and we are talking about unsatisfactory 
situation in society). Table 3 shows an example of such 
a distribution, where MX = 30; Δ (X) = 8.

From the general theory it follows that both for 
discrete and continuous random variables σ (X) ≥ Δ (X), 
however, for prevailing random variables it is desirable 
to know their dependence shown in the form 
σ(Х) = К∆(Х) (i. e. the explicit value of the coefficient 
K). The binomial, Poisson, and geometric distribution 
laws are widely used in various fields, so it is expedient 
to find the absolute first central moment ∆(Х) for them.

Variant for the geometric law
The geometric distribution law (Table 4) has 

numerical characteristics: 
1

МХ
р

= ; 2
(X)D

q

р
= ; 

(X)=
q

р
σ .

Theorem 1. Let 
1

1,n n
p

≤ < +  then ∆(Х) = 2nqn, 

n = 1; 2;… The proof is by induction on n. For 
1

1 2
p

≤ < , 

we have the variant of Table 5.
1

1
р
−  is represented in the form

 
1 1 1

1 1 2 1 ,
р р р

 
− = − + − 

 
 then

1 1 1 1
2 1 p 2 2p 2qM X

p p p p

 
− = − + − = − = 

 
 satisfies 

the formula to be proved.

Let at 
1

1n n
p

≤ < +  we have ∆(Х) = 2nqn (see Table 6), 

we prove that at ( ) n 11
1 2 (X) 2 n 1  .n n q

p
++ ≤ < + ∆ = +

( )1
n 1 ö

р
− +  is represented in the form

 ( ) ( )1 1
ö n 1 ö 2 n 1 ,

р р

 
+ − + − + 

 
 then

( )

( )
( ) ( )
( ) ( ) ( )

n n

n n n

n n

n n 1

1 1
2n ö 2 ö– ö n 1 p

2n ö 2 ö 2 n 1 p ö ö

2 n 1 ö ö2 n 1 p ö

2 n 1 ,1 p ö2 n 1

М Х q q
р р

q q q

q q

q q +

 
− = + + = 

 
= + − + =

= + − + =

= + − = +

which was to be proved.
Note. It is easy to verify that in the theorem we can 

replace 
1

1ön n
p

≤ < +  by 
1

1,n n
p

≤ ≤ +  i. e. ∆(Х)  – ​

continuous function of р.
To compare σ(Х) and ∆(Х)Table 7 is compiled in 

the variant of the geometric distribution law.
Variant for the Poisson distribution law
Let’s consider the Poisson distribution law 

(Table 8).

A random variable distributed according to the 
Poisson’s law has numerical characteristics: MX = λ; 

D(Х) = λ; (X)ö öσ λ= .

Theorem 2. Let n ≤ λ < n + 1, then 
12

(X) ö,ö n 0;1;2;  .
!

n е

n

λλσ
+ −

= = …  We carry out the proof 

by induction on n. For 0 ≤ λ < 1 we have the variant of 
Table 9.

λ is represented in the form λ = (0–λ)+2λ, then 
M|X–λ| = λ–λ+2λe–λ = 2λe–λ = λ–λ+2λe–λ  – ​which 
satisfies the formula to be proved.

Let for n ≤ λ < n +1 we have 
12

(X)=ö ö
!

n е

n

λλ + −

∆  (see 

Table 10), we prove that for
22

n 1 ö ö n 2ö (X)
( 1)!

n е

n

λλλ
+ −

+ ≤ < + ∆ =
+

.

λ–(n+1) is represented in the form 
(n+1)–λ+2(λ–(n+1)), then 

( )( ) ( )
1 1 22 2

М ö 2 ö– ö n 1 ö ,
! 1 ! ( 1)!

n n nе е е
Х

n n n

λ λ λλ λ λλ λ
+ − + − + −

− = + + =
+ +

  ​

which was to be proved.
Note. It is easy to verify that in the theorem we can 

replace n ≤ λ < n+1 by n ≤ λ ≤ n+1 i. e. ∆(X) is continious 
function of λ.

For comparison of σ(Х) and ∆(Х) in the Poisson 
distribution variant Table 11 is compiled.

Variant for the binominal distribution law
Let’s consider the binominal distribution law 

(Table 12).
A random variable distributed according to the 

binomial law has numerical characteristics: МХ = np; 

D(Х) = npq; (X) npqσ = .

Theorem 3. Let k–1 ≤ np ≤ k, k = 1;2;…n, then 
1

ö(X) 2k k k n k
nC p q − +∆ = . We carry out the proof by induction 

on k. For k = 1, i. e. 0 ≤ np ≤1, we have the variant of 
Table 13.

Here np is represented in the form 0–np+2np, 
then M|X–np| = np–np + 2npqn =  2npqn  – ​which 
satisfies the formula to be proved.

Let for k–1 ≤ np ≤ k we have 1
ö(X) 2k k k n k

nC p q − +∆ =  

(see Table 14). Let us prove that for k ≤ np ≤ k+1 
1 1

ö(X) 2(k 1) k k n k
nC p q+ + −∆ = + .

np–k is represented in the form np–k = k–
np+2(np–k), then we have 	

	

( )

( )
( )

1
ö ö

ö ö

1 1 1
ö ö ö

ö 1 1 1
ö

ö 2k 2 np k

2np 2k ( 1))

ö2n 2k 2(n k)

2(k 1) 2(k 1)
1

,

k k n k k k n k
n n

k k n k k k n k
n n

k k n k k k n k k k n k
n n n

k
n k n k k k n k

n

М Х np C p q C p q

C p q C p q q

C p q C p q C p q

C n k
p q C p q

k

− + −

− −

+ − + − + −

+ − + + −

− = + − =

= + − =

= − = − =

−
= + = +

+

which was to be proved.
For comparison of σ(Х) and ∆(Х) in the variant of 

the binominal distribution law two tables are compiled 
for n = 100 and for n = 1000.

Table 14

Х np− np np‑1 … np-k k+1-np … n-np

Р nq 1nnpq − …
ö

k k n k
nC p q −  1 1 1

ö
k k n k
nC p q+ + − −  … np
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In view of the symmetry, it is clear that for 
symmetric values of p the results will be the same, for 
example, at p = 0,6 and p = 0,4 (see Table 15). 
Therefore, Table 16 is made up to p = 0,5.

Variant for classical continuous random 
variables

In this section we find absolute first central 
moments for uniform, exponential and normal 
distribution laws.

Uniform distribution law
A random variable Х, uniformly distributed on the 

interval [a, b], has density р(х), equal to 
1

ö, ö
в а−

on the 

interval [a, b], and equal to 0 outside it. In this case 

( ) ( )2

МХ , öD Х , ö (X)
2 12 2 3

в аа в в аσ
−+ −

= = = .

Let’s calculate ∆(Х) (the result is, of course, 

obvious and equal to ö
4

в а−
):

( )

( ) ( )

( ) ( )

( )

2

2

2 22

2

2 2 2

2 22

2

1 1
Х ( ) dx ( ) dx

2 2

1 1
 ( х  )  ( х)  

2 2 2 2

1
  –   а 

4 8 2 2

1
    в –     

2 2 8 4

1
  –  ав

4

а в
в

а ва

а в
в

а в
а

а в а в
х х

в а в а

а в х х а в

в а в а

а в а в а в а

в а

а в а вв а в

в а

а в

в а

+

+

+

+

+ +
∆ = − + − =

− −

+ +
= − + − =

− −

 + + + = − + −
 −  
 + ++ − − + =
 −  
 +
=
−  

∫ ∫

  0.866 (X).
4

в а σ− = ≈


( )

( ) ( )

( ) ( )

( )

2

2

2 22

2

2 2 2

2 22

2

1 1
Х ( ) dx ( ) dx

2 2

1 1
 ( х  )  ( х)  

2 2 2 2

1
  –   а 

4 8 2 2

1
    в –     

2 2 8 4

1
  –  ав

4

а в
в

а ва

а в
в

а в
а

а в а в
х х

в а в а

а в х х а в

в а в а

а в а в а в а

в а

а в а вв а в

в а

а в

в а

+

+

+

+

+ +
∆ = − + − =

− −

+ +
= − + − =

− −

 + + + = − + −
 −  
 + ++ − − + =
 −  
 +
=
−  

∫ ∫

  0.866 (X).
4

в а σ− = ≈


Exponential distribution law
A random variable Х, distributed in exponential 

order, has density р(х), equal to λe–λx, at х ≥ 0 and zero 

density at х < 0. 2

1 1 1
МХ ö;ö D(X) ;  (X) öσ

λ λ λ
= = = .

Let’s calculate ∆(Х) (the result here is, of course, 
not obvious):

( )
1

10

1 1

1 10 0

1 1

0 0 0

1 1
1

0
0 0

1 1
Х ( )  dх х  dх

1
2  2  dх

2  2    dх

2
 0,736 (X).

х х

х х х х

х
х х

х х х

х e e

e dx х e dx х e dx e dx

e
e dx х e

e dx хe e

e

λ
λ λ

λ

λ λ
λ λ λ λ

λ λ

λλ λ
λ λ

λ λ
λ λ λλ

λ λ

λ λ

λ
λ λ

σ
λ

∞
− −

∞ ∞
− − − −

∞−
− −

− − −

 ∆ = − + − = 
 

= − + − =

= − + − =
−

 
 = + − = 
 
 

= ≈

∫ ∫

∫ ∫ ∫ ∫

∫ ∫

∫ ∫

Table 15
Values of σ(Х), ∆(Х) and σ(Х) – ​∆(Х) for the binominal distribution law for n = 100
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Table 16
The values of σ(Х), ∆(Х) and σ(Х) – ​∆(Х) for the binominal distribution law for n = 1000

( )
1

10

1 1

1 10 0

1 1

0 0 0

1 1
1

0
0 0

1 1
Х ( )  dх х  dх

1
2  2  dх

2  2    dх

2
 0,736 (X).

х х

х х х х

х
х х

х х х

х e e

e dx х e dx х e dx e dx

e
e dx х e

e dx хe e

e

λ
λ λ

λ

λ λ
λ λ λ λ

λ λ

λλ λ
λ λ

λ λ
λ λ λλ

λ λ

λ λ

λ
λ λ

σ
λ

∞
− −

∞ ∞
− − − −

∞−
− −

− − −

 ∆ = − + − = 
 

= − + − =

= − + − =
−

 
 = + − = 
 
 

= ≈

∫ ∫

∫ ∫ ∫ ∫

∫ ∫

∫ ∫

Normal distribution law
A random variable Х, distributed according to the 

normal law, has density

( )
2

2

( )

2

2

1
р х ö ,  МХ а,ö

2

D(X)  (X)  .,

х а

e σ

πσ
σ σ σ

−
−

= =

= =

We can assume that a = 0 (otherwise we take a 
random variable Х–а, which has the same ∆(Х)).

Let’s calculate ∆(Х):

( )
2 2

2 2

2

2

22 2

0 0

2
2

0

1 1
(X) 2 ö ödx ö öd x

2 2

2 2
ö ö ö ö0 .798  .

2

х х

х

х e e

e

σ σ

σ

πσ πσ

σ σ σ
ππσ

∞ ∞− −

∞
−

∆ = = =

−
= = ≈

∫ ∫

( )
2 2

2 2

2

2

22 2

0 0

2
2

0

1 1
(X) 2 ö ödx ö öd x

2 2

2 2
ö ö ö ö0 .798  .

2

х х

х

х e e

e

σ σ

σ

πσ πσ

σ σ σ
ππσ

∞ ∞− −

∞
−

∆ = = =

−
= = ≈

∫ ∫

Conclusion. The analytical formulas for the 
absolute first central moments for the geometric, 
binomial, and Poisson distribution laws are derived. 
This allows us to find the average distribution zone, 
which is important for calculations in applied 
problems. The work can also be used in studies on 
probability theory.
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